In this work we present an explicit geometric classification of the set Bell-diagonal in terms of the asymptotic behaviour of a system of two qubits evolving in the presence of a pair of independent thermal baths at zero temperature. We show that the set of initial Bell-diagonal states is separated in three bounded and simply-connected sets exhibiting: asymptotic entanglement dead, sudden entanglement dead and separability. The notion of entanglement dead time is related to the distance in the three dimensional geometric representation.
Introduction
It is known that for open systems the entanglement of two sub-systems disappears in time. In some cases one can observe a complete suppression of entanglement at finite time. This effect is known in the literature as entanglement sudden death (ESD). In other cases entanglement suppression is found at infinite time and one is talking about entanglement asymptotic death (EAD). For practical reasons it is interesting to control what kind of entanglement death a particular initial state gets. The classification depends strongly on the nature of the bath.
In order to understand the appearance of these two different regimes a description of the state space in geometrical terms is very useful. In [1, 2, 3] a generic geometrical interpretation of the state space of a generic n dimensional system allows to explain the simultaneous appearance of AED and SED together with the coexistence of this two regimes and the revival of entanglement. The central argument relies on the compacity and convexity properties of the space of states and the separable sub-space, together with the location of the asymptotic state respect to the frontier between the entangled and separable states. When the thermal state is on border between separable and entangled states, then it can bee reached from the inside or the outside of the set of separable states. These two ways to approximate the thermal state give origin to SED and AED respectively. The argument is completely general, independently of the entanglement measure and the dimensionality of the system, although the examples are all for two quibits systems in the presence of different environments. Even in the simple case of 2 × 2 systems the general geometric description is complex due to the high dimensionality of the state space, in particular if one is interested in determine when a given initial state leads to one or another asymptotic behaviour.
An alternative geometrical description of the space of sate if given in terms of SL(2, C) equivalence classes [7, 4] , this description allows a more manageable geometric representation of the initial sates of the system. Each state is SL(2, C) equivalent to a representative belonging to one of the following types: either the class representative is a Bell-diagonal state (then called regular), or the representative of the class is a exceptional state, those are states with rank 3 or rank 2 matrices. The latter are separable states and their classification is trivial.
In this paper we present a geometric classification of the representatives of the SL(2, C) equivalence classes of a two qubits system, classified according to their asymptotic behaviour as they evolve coupled to a pair of independent thermal baths at zero temperature. We find that the set of representatives is separated into two bounded and simply-connected sets:
an closed-open bounded and simply connected subset of states ending in ESD which is located closer to the frontier between entangled and separated states, and a compact sub-set of states ending with ASD located closer to the corresponding Bell states.
In section 2 we review 4D and 3D geometrical representation of two qubits states space in terms of the SL(2, C) equivalence classes. In section 3 we show that the representatives of the SL(2, C) equivalence classes allows a geometric classification according to their asymptotic behaviour as they evolve coupled to a pair of independent thermal baths at zero temperature. In section 4 we show that the ESD time can be determined in terms of the position of the 3D point representing a class relative to the two relevant boundaries of the set of point, the surface of separable states and the boundary between ESD states and ASD states.
2 Geometrical description of the states space.
In [1] it is shown that the asymptotic behaviour of the quantum states of a 2 × 2 in an open system can result in sudden entanglement dead or asymptotic entanglement dead depending on the nature of the environment and on the initial state of the system. A geometrical interpretation is used to explain how the same system exhibit simultaneously this two different behaviours when the thermal state is placed in the frontier of the set of separable states. The compacity and convexity of the set of states is essential for the occurrence of this phenomenon. In [2] and [3] a classification of the initial states with different types of environments and consequently different types of entanglement evolution is presented, however this classification is not presented in geometrical terms and the times of student entanglement dead are not related with the geometrical properties of the initial states. Because a two qubits system evolving in the presence of a pair of independent thermal baths at zero temperature presents both behaviours, we give here a geometric classification of the set representatives of the SL(2, C) equivalence classes, according to their behaviour. Lets start by representing the states of the system in the real parametrization, in the basis of Pauli matrices {σ i } i=0,1,2,3 every state of a 2x2 system is represented by the real matrix R such that:
Following [8] , by means of a local SL(2,C) the state ρ is transformed to a Bell-diagonal states or one of three types of non-diagonal (or exceptional) states. This defines four equivalence classes that gives a certain classification of the state space. At the level of the R matrix this transformations are finite proper orthocronus Lorentz transformations such that Σ = L 1 RL T 2 is the representative of the equivalence class.
The first equivalence class is the set of regular states represented by Bell-diagonal states Σ = diag(w 0 , w 1 , w 2 , w 3 ) with w 0 ≥ |w i | for {i = 1, 2, 3}. Here the w µ with µ = 0, 1, 2, 3 stands for the Lorentz singular values of the matrix R [8] , [4] . The other three sets are formed by states equivalent to an exceptional state, with the R matrix of the form given by equation 2 Using the values of the four Lorentz singular values the representatives of the equivalence classes can be depicted as a four dimensional convex cone [4] , [10] . The non-normalized Bell diagonal states form the interior of the cone, the first extraordinary class forms the border of the cone with w 0 = w 1 , and the second and third extraordinary are associated to the apex of the cone w µ = 0. Entangled states of this two last classes can be transformed to the singlet only by an infinite boost. Because the SL(2, C) transformations do not preserve entanglement, the entanglement of the class representative do not give valuable information about entanglement of the original state. Nevertheless because the SL(2, C) transformation is a Lorentz singular value transformation, the corresponding Belldiagonal state is the state with the maximal entanglement under filtering operation that can be obtained from a regular state. This means that the class representative is the more efficient filtering that can be applied to the corresponding regular (diagonalizable) state. The entanglement of the representative of the class can be expressed in geometrical terms. [4] , [10] The entanglement of formation (concurrence) of a given representative state is proportional to the distance between the representation point and the boundary of separable states.
where D p is the four dimensional euclidean distance from the point w µ to the boundary of separable states. Equivalently for normalized states we have the same expression replacing w µ by the r µ 's as defined above.
Because filtering operations are LOCC they send entangled states to entangled sates and separable states to separable states. This implies that the ESD time is the same for all the states belonging to a given class, an then it is suffices to compute the ESD time for the representative of the class.
3 Geometrical classification of the entanglement sudden deathin zero temperature independent thermal baths.
Consider a two qubits system interacting with a pair of zero temperature thermal baths. The time evolution of the system is dictated by the corresponding master equatioṅ
In this situation both asymptotic behaviours can occur, depending on the initial state. We are interested in knowing when a given initial state, taken from the representatives of the equivalence classes, will reach the thermal state by entering in the region of separable states or from the outside. We will see that the two sets of initial states are represented by a pair of bounded and simply-connected sets. The interesting point is the fact that appearance of each kind of asymptotic behaveour is related to the distance of the representation to the set of separated states, in a similar way in which entanglement in related to distance in this representation.
Bell-diagonal initial state. The Bell-diagonal states are a particular case of a family of states called type X states which are characterized by four non trivial entries of the R matrix: R ij (t), R 22 (t), R 33 (t), R 03 (t).
The resulting differential equations on the four functions R ij (t) imposed by the master equation have solutions:
Where the three parameters (r 1 , r 2 , r 3 ) defines the initial Bell-diagonal state. When the system evolves R 14 (t) = 0 and the state ceases to be a Bell-diagonal state, nevertheless the state is always a X state. The entanglement of formation can be measured through the concurrence C(ρ) = max{0, λ max − λ 1 − λ 2 − λ 3 − λ 4 } where the {λ i } i=1,2,3,4 are the eigen values of ρ(σ 2 ⊗ σ 2 )ρ * (σ 2 ⊗ σ 2 ). For X type states, a direct calculation shows that C(t) = max{0, C 1 , C 2 } with C 1 = 2(|ρ 14 | − √ ρ 22 ρ 33 ) and C 2 = 2(|ρ 23 | − √ ρ 11 ρ 44 ). In terms of the solutions R ij (t, r) the concurrence is C1(t, r) = 2(|R11(t, r) − R22(t, r)| − (1 − R33(t, r)) C2(t, r) = 2(|R11(t, r) + R22(t, r)| − (1 + R33(t, r) +2R41(t, r))(1 + R33(t, r) − 2R41(t, r))
Now we are interested in determining which of these functions is the concurrence of a given state at time t and, given an initial state vecr, when it vanishes for a finite time. The octahedron of separable states divides the sub-space of entangled belldiagonal states in four disconnected pyramidal regions that are called quadrants. Each quadrant is associated to one Bell state, which lays in the apex of the pyramid (see figure 1) . It is easy to see that if the initial state belongs to the quadrants associated to the singlet |φ − φ − | or |φ + φ + | the concurrence is C(t) = C 1 (t, r) for any time. While if the initial states belongs to the one of the quadrants related to |ψ + ψ + | or |ψ − ψ − |, the concurrence will be C(t) = C 2 (t, r) .
We look for the values r 1 , r 2 , r 3 such that the concurrence vanish for a finite time. Lest take first set of initial states belonging to the quadrants of the singlet and |φ + φ − |. From the explicit expression of C 1 (t, r) using equation (5) we have
We introduce the change of variables x = e −γt that requires x ≥ 1 for any finite value of t, and we take into account that the initial state belongs to the first two quadrants: 0 ≤ |r 1,2 | ≤ 0 and −1 ≤ r 3 ≤ 0. This implies that equation (7) is equivalent to
that have as solution:
This equation, together with the condition x ≥ 1 and the fact that points in the 3D representation must belong to the tetrahedron of physical states implies following set of conditions on the coordinates r i :
This set of inequalities together with the boundary defined by the tetrahedron itself defines a bounded and simply connected region in each quadrant with r 3 ≤ 0. The boundaries of this region are the Peres-Horodecky (P-H) plane defined here by equation P ( X) = −1 − |x 1 | − |x 2 | − x 3 = 0, the boundaries of the tetrahedron and the quadratic surface
2 − x 3 − 1 = 0 (see figure (3 ). This latter surface is composed of states with AED, so is an open border. Any initial state in the interior of this region will have SED, note that these are the states closest to the region of separate states in our 3D representation. The states located outside of this region (closer to the corresponding Bell state) exhibit EAD.
Now we consider the set of Bell-diagonal initial states located in the upper quadrants (r 3 ≥ 0). That (r 1 , r 2 , r 3 ) inside the black tetrahedron, points inside the blue octahedron are separable and the quadratic surface separates points with ESD and EAD. The quadrants corresponding to the Singlet (black point) and |Ψ + Ψ + | (red point) are spaced apart into two regions by the surface Q( X) = 0. Points outside the surface (nearer to any of the Bell sates) evolve with EAS, points located between the surface and the PH plane (the corresponding face of the octahedron) displays ESD.
is, the pyramidal sections of the tetrahedron associated to the remaining two Bell states |φ ± φ ± |. In this quadrants the concurrence is always given by C(t) = max{0, C 2 (t, r)}. We can repeat the previous analysis using this new concurrence. As before we obtain a quadratic surface that, intersected with the set of physical states, selects the states that have ESD. In this case the intersection with the set of Belldiagonal states contains only the two Bell states in the border of the tetrahedron. This means that for the upper quadrants the only two states displaying EAD are the Bell states |φ ± φ ± |.
All these results can easily be promoted to representation in 4D. Simply replace the relation that projects points to the normalized subspace r µ = wµ w0 . We obtain that the convex cone defined by the Lorentz singular values is cut into two subregions defined by the 4-surfaces
Which define respectively the convex cone of separable states and a convex region inside the convex cone of states, whose outer boundary is the indicated hyper-surface.
Non Bell-diagonal initial states. So far we have explored the classification of Bell-diagonal states, we are now interested in classifying the asymptotic behaviour of the non diagonal representatives. We have 3 types of exceptional initial states, the types two and three in equation (2) are separable states for any value of k and them we don't have to consider them in the classification. The type 1 states are defined by the first of the three matrices in equation (2) . When this type of states is used to set the initial condition for 2 qubits interacting with a couple of independent thermal baths the evolution of the system have the form:
−2t e 2t k − e t k − e t w 0 + e 2t w 0 + w0 2 (13) As before the asymptotic state is (k + w 0 )|00 00| and we have AED or SED depending on the the initial state. Because k is a fixed although arbitrary constant in order to determine which set of initial exceptional states go inside the set of separable states, we search for pairs (w 0 , w 2 ) such that the concurrence vanish at finite time. The evolved state is again a type X state and the concurrence is C(t, w 0 .w 1 ) = max{0, C} with
We find that when the parameters of the initial state belongs to the 2D region w 1 ≤ w 2 < 2kw 0 + w 2 0 the the entanglement vanishes in finite time. The lower boundary is imposed by the condition in equation (2) . 4 Entanglement sudden dead time.
The geometric representation allows to write down the concurrence straight from the geometrical proper-ties of the point representing the state [4] , [10] . When the initial state is a Bell diagonal state this feature is recovered in the 3D representation and the entanglement is given by the euclidean distance to the boundary of separable states. Similarly, for a state that ends with ESD, the time it takes to reach the separable sub-set can be related to the relevant geometric quantities. From now on we will focus exclusively on the states belonging to the quadrants of |Ψ ± | Ψ ± |. If the initial state Bell diagonal, any state in the subsequent evolution is regular and can be diagonalized by means of a suitable SL(2, C) filtering operation. Since filtering operations maps entangled states to entangled states it is possible to compute the ESD time looking at the time when the equivalent Bell-diagonal states becomes separable. With this technique the ESD cam be easily computed as follows:
Lets now consider the unnomalized distance from (r 1 , r 2 , r 3 ) to the plane of Peres Horodecki D p = −1 + |r 1 | + |r 2 | − r 3 . To measure the distance from (r 1 , r 2 , r 3 ) we dont use the usual euclidean distance but the values of the surface equation in an arbitrary point D s = −Q( r) = 1 + r 3 − 1 4 (r 1 + r 2 ) 2 . We note that this quantity is always positive for points on the considered quadrants (see equation (10)) and is zero only for points belonging to the quadratic surface 1 . With these two distances is easy to see that r 1 + r 2 = 2 1 − (D p + D s ) + sig(r 1 )2, and from here obtain:
Where sig(r 1 ) = sig(r 2 ) is the sign of r 1 or r 2 in the corresponding quadrant. It is clear that the ESD time increases from zero in the measure that we aproach the quadratic surface boundary. The 1 This time can also be expressed in terms of the standard euclidean distance from (r 1 , r 2 , r 3 ) to the quadratic surface. However the resulting equation is much more involved and the relevant information is the same. limit values can be calculated directly to obtain lim Ds→0 t ESD (D p , D s ) = ∞ and t ESD (0, D s ) = 0.
We have shown that, despite its simplicity, the 3D geometric representation reflects more than one relevant property to entangled systems. Explicit geometric separation of the sub-space Bell-diagonal states can result in a clearer understanding of behavior of the system in the presence of baths that may produce decoherence and lost of entanglement.
